We constructed a six-dimensional version of the standing wave model with an anisotropic 4-brane generated by a phantom-like scalar field. The model represents a braneworld where the compact (on-brane) dimension is assumed to be sufficiently small in order to describe our universe (hybrid compactification). The proposed geometry of the brane and its transverse manifold is non-static, unlike the majority of braneworld models presented in the literature. Furthermore, we have shown that the zero-mode scalar field is localized around the brane. While in the string-like defect the scalar field is localized on a brane with decreasing warp factor, here it was possible to perform the localization with an increasing warp factor.
I. INTRODUCTION
The idea that our world is a brane embedded in a higher-dimensional space-time has attracted the attention of the physics community in the last years, basically because the braneworld idea has brought solution for some intriguing problems in the Standard Model (SM), as the hierarchy problem. The mainly theories that carrier the braneworld basic idea are the one first proposed by Arkani-Hamed, Dimopoulos and Dvali [1] [2] [3] and the so-called, Randall-Sundrum (RS) model [4, 5] .
One important feature of these models is the assumption that all matter fields are constrained to propagate only on the brane, whereas gravity is free to propagate in the extra dimensions. However the presupposition that the Standard Model fields are initially trapped on the brane is not so obvious in this framework. In this way, it is interesting to seek alternative field theoretic localization mechanisms in braneworld scenarios [6, 7] . Therefore, the property of a model to localize fields has been used as a parameter to evaluate it as a potential candidate of our universe. Particularly the RS model, which is a 5D theory, was quickly generalized to six dimensions . On the other hand, the scenarios where the brane has cylindrical symmetry are the so-called string-like braneworlds. There is a broad variety of these models as the global string [6, 8, 11] , the local string [12] [13] [14] , the thick string [16, 17, [19] [20] [21] [22] and the supersymmetric cigar-universe [23] .
There exist a vast literature concerned to the localization of fields both in 5D [29] [30] [31] [32] [33] [34] and in 6D braneworld [6, 7, 12, 14, [26] [27] [28] . However, to the best of our knowledge, there is not yet a purely analytical geometry that traps all the SM fields through only the gravitational field interaction. Hence, the quest for a model which is both analytical and that localizes all the SM fields by means of only the gravitational interaction, is in our point of view, a reasonable justification to continue studying field localization in different braneworld models.
In this spirit, it has been proposed some braneworld scenarios with non-standard transverse manifold. Randjbar-Daemi and Shaposhnikov has assumed it as a Ricci-flat or an homogeneous space and they obtained trapped massless gravitational modes and chiral fermions as well [35] . Kehagias proposed a conical tear-drop whose conical singularity drains the vacuum energy explaining the small value of the cosmological constant [36] . Gogberashvili et al. have achieved three-generation for fermions on a 3-brane whose transverse space has an apple shape [37] . Other examples are the torus [38] , a football-shape space [39] and smoothed versions of the conifold, the resolved [40] and deformed one [41] [42] [43] .
In this paper we considered a bulk phantom-like scalar field in a 6D braneworld as a source of the brane. The phantom is a scalar field whose sign of the kinetic term in its Lagrangian is negative. This model exhibits instability issues, as unbounded negative energy, but phenomenologically it has been useful in different scenarios [25] . In cosmology, the phantom scalar is a candidate to explain dark energy and the accelerated expansion of the universe [44] .
The use of bulk scalar fields to generate branes was introduced by Goldemberg and Wise [45, 46] , and it has been largely studied in the literature [47] [48] [49] [50] [51] [52] . The phantom field has been implemented in the six-dimensional context by Koley and Kar [25] , where it has shown the localization of gauge fields.
In the present model the field is not a phantom in the sense described above. Despite it has the "wrong-sign" characteristic of the phantom its energy is not ever negative and then, there are no energy problems. Thus, it is more convenient call this source as a "phantom-like scalar". This exotic source was first proposed in five dimensions, the so-called standing-wave braneworld. This is a completely anisotropic one brane model whose phantom-scalar is equivalent to a Weyl scalar [29, 30, 53] . The Weyl scalar, in its turn, is used in an extension of the RS model, the so-called pure-gravity braneworld. In the standing-wave approach it was possible to localize various fields, albeit it was not possible trap right-handed fermions [29, 30] . Besides, the study of massive modes was not addressed in this model.
The model built in this work consists of a 6D braneworld with an anisotropic 4-brane, where the compact (on-brane) dimension is assumed to be sufficiently small in order to accomplish our universe (hybrid compactification). Anisotropic six-dimensional braneworlds have already been addressed before in the thick string-like models [16, [19] [20] [21] [22] , where there are different warp factors for different directions. Nonetheless, it is assumed the brane has a cosmological constant which turned it a locally isotropic manifold. However, the standingwave braneworld is a completely anisotropic manifold, unless for some points called the AdS islands [29, 30] .
Another appreciable feature of our model is its dynamics, in the sense that both metric and the bulk phantom-like scalar field are time dependent. Indeed, as in RS model, the most string-like models are static [6, 10-13, 15, 17-23, 27] . On the other hand, Gregory has proposed a time-dependent string-like brane leading to gravity localization [8] . The difference here is that both the 3-brane and the transverse manifold are time-dependent. This allows the exterior geometry of the brane to reflect the changes of the brane, a key property of the string-like defects [9, 11, 13, 14] .
In spite of the complexity due the time-dependence and anisotropy, we have obtained analytical solution for the warp factor and the phantom field. The bulk is everywhere smooth converging asymptotically to an AdS 6 manifold. From these solutions we have analyzed some properties of the source. The energy-momentum components have compact support around the origin what means that this geometry is created by a local source. Nevertheless, they do not satisfy the energy conditions, which turns this an exotic scenario, as expected. However, even the thin string-like braneworlds do not obey the dominant energy-condition [12, 15] .
Besides, in the phantom 6D braneworld the energy momentum tensor violates all of energy conditions [25] . Although the bulk spacetime obtained in that setup is not dynamical stable, the authors argued that it also occurs in other models [25] .
Once studied the geometry in details we have concerned with the behavior of a minimally coupled scalar field in this model. As in the string-like model and the 5D standing-wave this field has its massless mode trapped to the brane. The difference between the string-like and the 6D standing-wave approach is that in the former the scalar field is trapped for a decreasing warp factor whereas in the latter there is a localized mode for an increasing warp factor. This work is organized as follows: in section 2 we described the model and solved the Einstein and scalar field equations obtaining the general static expression for the phantomlike scalar. In section 3 we have found the non-static standing waves and we have discussed its mainly characteristics. The localization of the zero mode scalar field have been done in the section 4. In the section 5, some final remarks and conclusions were outlined.
II. THE MODEL
We begin by the general action in 6-dimensional space-time composed by the standard Einstein-Hilbert action and a bulk massless scalar field action which is time dependent and minimally coupled to gravity 1 2κ
where κ 6 is the 6-dimensional gravitational constant, and Λ is the bulk cosmological constant.
The "wrong" signal in front of the kinetic term of the scalar field action characterizes it as a phantom-like field.
The variation of this action with respect to the metric and the field Φ give us the following equations of motion
where M, N, ... denote D-dimensional space-time indices and T M N is the energy-momentum tensor.
We will begin by considering the general metric ansatz
where A(r) and B(r) are functions of r, only, and u is function of r and t. This ansatz generalizes the global string like defect considered in Refs. [6, 8] , for instance.
For a scalar field the energy-momentum tensor may be written as
from which the Einstein equation may be rewritten as
From Eqs. (2) and (6) the non zero components of the Ricci tensor, for V (Φ) = 0, are given as
which may be simplified to
and
For A = B, Eq. (14) implies that Φ has to be a phantom-like scalar (minus sign in front of the kinetic term in Lagrangian) which relates to the function u as Φ ≡
u. In this case the equations for the function u and the warp factor A are given, respectively, as
The solution to the last equation is than, unless integration constants,
This warp factor represents a thick brane and the model proposed here generalizes the 5D standing wave braneworld not only because we are working in six dimensions but in the sense that here we have a thick brane instead of a thin brane.
It is interesting to note that the field Φ, in general, is do not required to be a phantom one. This solution is a special case when we consider A = B, as we saw above. For A = B, in general, it is difficult to solve the system of equations, Eq. (7) to Eq. (12) . However one could find the function u, the warp factors A and B and the componentsΦ 2 , Φ 2 of the bulk scalar and analyzes the energy conditions. This job will be leave for another work because here we are interested to study field localization in this scenario.
Hereinafter, we shall consider A(r)B(r) = 2ar and use the metric ansatz
where a ∈ R with dimension [a] = M , 0 ≤ r < ∞, 0 ≤ θ < 2π and u = u(r, t) is function of t and r, only. The compact dimension θ lives on the brane, i.e., θ is a brane coordinate for
The metric ansatz (19) is a combination of the 6D warped braneworld model through the e 2ar term [6] [7] [8] 25 ] plus an anisotropic (t, r)-dependent warping of the brane coordinates, x, y, z, through the terms e u(t,r) and e −3u(t,r) , which means a six dimensional generalization of the 5D standing-wave braneworld model [29, 30, [53] [54] [55] .
The metric (4) and, naturally, the metric (19) , are examples of the general metric
proposed by many authors in the thick brane model relevants for cosmological reasons [16, 17, [19] [20] [21] [22] .
It is worthwhile to mention that the metric (19) has an time-dependent angular component. This allows some geometrical properties of the transverse manifold, as its deficit angle, to evolve in time. Hence, the evolution of the brane alters the geometry outside the brane.
Another noteworthy property of this scenario is that, for u = 0, the metric (19) is the same of the thin string-like defects [6, 7, 9, [11] [12] [13] . Since these points form a discrete set, in these points the geometry is the called an AdS island.
From the above mentioned properties, the function u(r, t) can be regarded as a correction of the string-like models leading to an anisotropic, time-dependent and thick braneworld that we shall call 6D standing-wave.
From metric (19) and choosing V (Φ) = 0 the scalar field equation (3) reads
where g is the bulk metric determinant. The scalar phantom field energy-momentum tensor is given by
For further reference it is important to write here the bulk curvature scalar
From Eq. (2) the non-zero components of the Ricci tensor are
From the energy-momentum tensor (22) we may rewrite the Einstein equation (6) in the following simpler form
where σ = √ κΦ.
Comparing Eq. (27) and the Ricci components coming from Eq. (30) we need to impose that σ = √ 3u to obtain a solution. This imply that the u field, according to σ = √ κΦ, needs to satisfies the relation (21) . This is possible if, by comparing Eq. (24) with R xx in Eq. (30), we do
Therefore, the differential equation for the u, which is a simplification of Eq. (16), is
given by
where prime and dots mean differentiation with respect to r and t, respectively. In order to solve equation (32) we proceed by separating the variable as follows
where we require that g(t) satisfies the following basic requisites:ġ ∝ g;g ∝ g. In other
words, g(t) may be an function of time in the form of an exponential, or sine, or cosine, or hyperbolic sine, or hyperbolic cosine. Then, assuming that g(t) satisfies some of these requirements, the equation to the new variable ρ(r) reads
where α is a constant which follows from the g time derivative.
In order to solve equation (34) we perform the following change of variables
where
ar . This give us the well-known Bessel equation of order 5 2 , for the new variable z, namely
where ∂ = ∂/∂z. The general solution to this equation is given by
where A and B are integration constants and J, Y are the Bessel function of first and second kind, respectively. In term of the r variable the solution reads
where C 1 , C 2 are the new constants. In order to obtain the u function 33 we need to specify the g function.
In the next section we analyze the case where g(t) is a sine function of time, which implies in a "standing waves solution" [54] .
III. STANDING WAVES SOLUTION
In order to obtain a standing wave solution we choose u(r, t) = sin(ωt)ρ(r) where ρ is given by Eq. (38) and ω is a constant. In the case α = ω the solution is
Some properties of the function u(r, t) may be found from the solution above. The first one is the fact that the Y function, because its exponential dependence of r, do not have divergence on the origin, as one usually find. For large r and a > 0 the term e 
,n represents the n-th zero of J5 By this assumption our u function will have zero in some specific r values, denoted by r m . For these r m values our model becomes similar to other 6D braneworld models [6-8, 12-14, 23, 25] as can be seen in the metric (19) . For a > 0 the function 39, for C 1 = 0 or C 2 = 0, will converge rapidly depending on the value of the ratio ω/a. The quantity of zeros will depends on the value of a and principally on the value of this ratio. In this case we have a finite number of zero. For a < 0 (with either C 1 = 0 or C 2 = 0) the solution will presents an infinity number of zeros.
In order to have a physically accepted scenario, it is necessary that the energy momentum components and the curvature scalar are finite. We have plotted in Fig. (1) the quantities T xx (r) = T yy (r) = T θθ (r) , T zz (r) , T rr (r) and T tt (r) , according to Eq. (22) . In this figure we assume C 2 = 0, a = A = κ = R 0 = 1 and ω = 5.76 which is the first zero for the J 5/2 . In Fig. (2) we have plotted the same quantities but in this case we have ω = 9.09, which corresponds to the second zero of J 5/2 . The bulk curvature scalar R profile is given in Fig. (3) . In this case the frequency ω assumes the values 5.76, 9.09 and 12.3, which are the first three zeros of J 5/2 . In Fig. (4) we have the 4D curvature scalar R (4) for the same ω values. The symbol F represents time average of the function F . So the graphics show the time average profiles of the energy momentum tensor components T M N and the curvature scalars of the bulk and brane, R and R (4) , respectively. In this context, as will be seen in the next section, the quantity e bu is given by
with ρ(r) given by Eq. (39), where b is any constant and I 0 is the modified Bessel function of order zero.
The figures show that the model proposed in this work produces a scenario where none of this important quantities are infinite. In Fig. (1) and Fig. (2) we have a sketch of the time average components of the energy momentum tensor. In the first case, one has ω = 5.76 and in Fig. (2) , ω = 9.09. The solid line represents T tt (r) , the dotted line represents T zz (r) , the dashed line represents T rr (r) and finally the dash-dotted line represents T xx (r) = T yy (r) = T θθ (r) . As can be seen from these figures, the energy density, depending on the value of the ratio ω/a, oscillates between positive and negative values, but the pressure is ever negative. The positive energy density with negative pressure is a feature of the phantom energy [56] , but in this case the energy density assumes negative values which shows the exotic nature of the source which is not a phantom field in the sense that is studied in the literature [29, 30, 55, 56] . The dominant energy condition is not satisfied, which is common in phantom field theory, because, even in the case that the energy density is positive, it would be necessary it to be greater than the pressure components. However, all of these quantities are finite which is less problematic in comparison with infinity unbounded energy momentum components. It is applicable to say that the presence of models which do not satisfy the dominant energy condition is frequent in the literature. We may cite the 5D
version of this present model [54] as a case where the energy conditions is not satisfied. In 6D braneworld there exist models that present this unorthodox feature, as the proposed by Koley and Kar [25] and the thin string-like brane [12, 15] .
In Fig. (3) we plot the bulk curvature scalar for three different values of ω: dashed line for ω = 5.76; dotted line for ω = 9.09 and solid line for ω = 12.3. We see that in all these cases R is finite and positive, which reveals a dS scenario. Beside the fact that the bulk is a de Sitter spacetime, the brane is an AdS universe as can be seen in Fig. (4) . In this In braneworld scenarios there is an interest in the potential of the model to localize the Standard Model (SM) fields. However, to find a model where all SM fields are localized only by means of gravitational interaction (without the necessity of additional fields, as the dilaton field) is not an easy task. The simple extension of the RS model from 5D to 6D
sometimes is sufficient to eliminate the necessity of additional interaction in some cases.
Indeed, as can be seen in the works of references [31, 34] , we have 5D models where the localization of the gauge and Kalb-Ramond fields, respectively, are possible only with the introduction of the dilaton field but in 6D the same fields are localized only by means of gravity interaction [6, 7, 28] . Here, we introduce a six dimensional model which generalizes both a 6D thin braneworld model previously studied [6-8, 12-15, 28] and also a so called 5D "standing waves" braneworld model [29, 30, 54] , where it is possible to localize gravity, scalar, vector and tensor fields but it was not possible to trap right fermions [55] . We argue that our synthesis model enables the SM fields trapping without the necessity of any other interaction than gravity. In this work, we shall give the first step in this analysis beginning by the scalar field whose localization will be studied in the next section.
IV. SCALAR FIELD LOCALIZATION
In order to study the localization of the bulk scalar field consider the action
from which we derive the equation of motion
From the metric ansatz (19) we have that √ −g = e 5ar . Thus, Eq. (43) may be rewritten as
Consider a solution of the form
Substituting Eq. (45) in Eq. (44), we obtain the following system of equations
Now we turn back to Eq. (48) and we separate the variables by making Ψ(r, t) = e iEtρ (r), which will give us
For further convenience we write (49) in an analogue non-relativistic quantum mechanical problem by making the variable changeρ(r) = e −5/2arΨ (r). Therefore, we obtain
In order to analyze the localization of the scalar field we need to obtain the rt-dependent function Ψ in (48) . We shall do it by means of equation Eq. (51), but this will be done only for the scalar zero mode and s-wave. So we will assume (l = 0) and E = p 
we find
where I 0 is the modified Bessel function of the first kind. Even in this case, as can be seen from the expression (55), to find analytical solution for Eq. (51) is not so easy. We shall accomplish it considering asymptotic approximations.
Note that for C 2 = 0 in Eq. (39), the u(r, t) will depends on first kind Bessel function
. The expansion 55 now will be given by
Let us study the behavior of equation (51) ar and a > 0 which is naturally convergent.
This solution is the same find in 5D standing-wave, for the localization of scalar field, in the same asymptotic limit considered here [30] .
For r → 0 the equation (51) may be approximated bȳ
This is a generalization of the same equation found for localization of scalar field in 5D standing waves braneworld [30] . The constants c and c are given, respectively, by
and c = 25
Note that equation (58) is nothing but the parabolic cylinder equation whose general solution isΨ
where D is the parabolic cylinder function and E 1 , E 2 are integration constants. We see that E 2 must be zero in order to have a real solution. The µ, ν indexes are given respectively by
For E 2 = 0 and ω/a = 5, 76 it is possible to choose the overall constants in order to expand our solution (58) as Ψ(r) 2.83 − 18.7r + 5.58r 2 − 9.78r 3 + 10.7r
In this case the function (58) assumes the form D −0.53 (−1.5 + 2.85r). The approximation (64) and, consequently, the extra part of the scalar zero-mode wave functionρ(r) has a maximum at r = 0 and it falls off from the brane, assuming the asymptotic form e −5ar
which is in accordance with Ref. [30] .
This result shows the localization of the scalar field zero-mode in this model. It is interesting to point out that the localization is obtained for an increasing warp factor whereas in the thin string-like brane the localization of the zero-mode scalar field is obtained for a decreasing warp factor [6, 7] .
V. REMARKS AND CONCLUSIONS
We have constructed a six-dimensional standing-wave model where the brane is generated from a phantom-like scalar field. We have supposed the compact dimension staying on the brane and small enough to accomplish an realistic model. The metric ansatz, unlike the most braneworld models present in the literature, is anisotropic and non-static and the compact dimension is time dependent. The bulk geometry tends asymptotically to spacetime with positive cosmological constant. From the action composed by the gravity and a phantomlike field we derived the equation of motion and we have evaluated the phantom scalar expression.
The exotic source which generates the brane is well characterized by its energy density.
As can be seen in Fig. (1) and Fig. (2) , this quantity has not a fixed value varying in intensity and signal. While the "traditional" phantom field has negative energy density, in the 6D standing-wave model this quantity may be positive and it is finite. This property prevents the model from unbounded infinite energy density. Far from the brane the bulk presents the features expected for a space with non-null cosmological constant, as expected.
Once we know the importance of phantom fields in cosmology, but in the same time, the difficulty that the phantom physics suffers, like the negative unbounded energy density, our model may appears as an alternative phantom model for phenomenology.
Moreover, in the context of braneworld it is suitable to investigate whether a model is able to localize fields. In order to analyze if our solution allows field localizations we studied the zero mode scalar field localization. The results have shown that there is a zero mode localization for the scalar field. The solution found here is in accordance with the one first encountered in five dimensions [30] .
In future works we intend to investigate the second part of the general solution to our phantom-like scalar field. Further, we shall verify the possibility of a brane with a decreasing warp factor. Moreover, we shall study the localization of the overall SM fields, particularly the right-handed fermions which are not localized in the 5D version of this model,as was previously mentioned.
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